ON THE BURNS-EPSTEIN INVARIANTS OF 
SPHERICAL CR 3-MANIFOLDS 



VU THE KHOI 

Abstract. In this paper we develop a method to compute the Burns- 
Epstein invariant of a spherical CR homology sphere, up to an integer, 
from its holonomy representation. As an application, we give a formula 
for the Burns-Epstein invariant, modulo an integer, of a spherical CR 
structure on a Seifert fibered homology sphere in terms of its holonomy 
representation. 



1. Introduction 

In [3], Burns and Epstein define a global, biholomorphic, R- valued in- 
variant /X of a compact, strictly pseudoconvex 3-dimensional CR manifold 
M whose holomorphic tangent bundle is trivial. As the Burns-Epstein in- 
variant is defined through the transgression form, it depends on the Cartan 
connection of the CR structure in a delicate way. Therefore it is not easy 
to compute the Burns-Epstein invariants for a general CR 3-manifold. In 
Burns-Epstein's work [3], they compute the Burns-Epstein invariant for tan- 
gent circle bundles over Riemann surfaces and Reinhardt domain in C^. In 
[3], Burns and Epstein raise the following question: "An interesting ques- 
tion is left open here about the relationship of these invariants to the Kahler 
geometry of the interior manifold, and the behavior of developing maps for 
CR manifolds which are locally CR equivalent to the standard sphere" . 

This paper is an attempt to answer the second part of this question. 
Namely, we show that for a spherical CR homology sphere, the Burns- 
Epstein invariant, modulo an integer, is basically a "topological" invariant. 
More precisely, it coincides with minus the Chern-Simons invariant of the 
holonomy representation. The main result of our is the development of a 
cut-and-paste method, inspired from the works of P. Kirk and E. Klassen 
in gauge theory ( |15^ I16j). to compute the Burns-Epstein invariant, modulo 
an integer, of spherical CR homology spheres. We first defined the normal 
forms of a flat connection near the torus boundary and then prove a result 
(Theorem 5.1) which expresses the change of the Chern-Simons invariants 
of a path of normal form fiat connections on a manifold with boundary in 
terms of the boundary holonomy. To compute the Chern-Simons invariant 
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on a closed manifold M, we decompose it as union of manifolds with torus 
boundary. On each manifold with boundary, we try to connect our orig- 
inal connection to a connection whose Chern-Simons invariant is already 
known and then use Theorem 5.1 to compute its Chern-Simons invariant. 
This method has been applied successfully to compute the Chern-Simons 
invariants of representations into SU(2), SL(2, C), SU(n) ([I5l ttSl HTj) and 
the Godbillon-Vey invariants of foliations ([13]). 

The rest of this paper is organized as follows. In the next section, we recall 
some preliminaries about the universal covering group G of U(2, 1) and the 
Burns-Epstein invariant of a CR manifold. In section 3, we show that, up 
to an integer, the Burns-Epstein invariant of spherical CR homology sphere 
equals minus the Chern-Simons invariant of its holonomy representation. 
Section 4 contains technical results which allow us to define a normal form 
of a flat G connection on a manifold with boundary. In section 5, We prove 
Theorem 5.1 which expresses the change of the Chern-Simons invariant of a 
path of flat connections in terms of the boundary holonomy. This theorem 
are our tool to compute the Chern-Simons invariant in section 6, where an 
explicit formula for the Chern-Simons invariant of a Seifert fibered homology 
sphere is given. As an illustration, we carry out an explicit computation of 
the Burns-Epstein invariants, modulo an integer, of the homology sphere 
S(2,3,ll). 
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JSPS's Kakenhi Grant. The author would like to express his gratitude to 
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time. 



2. Preliminaries 

Recall that the group U(2, 1) is the matrix group consists of all the 3x3 
matrices A = (aij)i.j=i,...,3 of complex entries such that JA^ J = A~^ , where 
J is (iiag(l, 1, — l)-the diagonal matrix whose main diagonal are (1,1,-1) 
and is the complex conjugate of A. Note that U(2, 1) acts on the open 
unit ball in C^, a model for the complex hyperbolic space H^, by : 

, , ,aiiz + ai2W + ai^ 021^ + 022^ + 023, 

{z,w) I — > ( , ). 

aai^ + 032^; + 033 031Z + 032U; + 033 

This action is transitive and the stabilizer of the origin is isomorphic to 
U(2) X U(l). It follows that the fundamental group of U(2, 1) is isomorphic 

to z e z. 

In the following, we will construct the universal covering group of U(2, 1), 
which is denoted by G for short. Let's define 

G := {(^,^1,^2) G U(2,l) X R X R I 61 = arg(det(A)) mod 271,02 = 
arg(a33) mod 2tt}. 
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Since A € U(2, 1), we find that jaaip + |a32p — jasap = —1. Therefore 
033 7^ 0, and the definition makes sense. 
The multiplication on G is defined by : 

{A, ei,d2){B, ct>iA2) = {AB, 01 + 02 + </'2 + arg(l + ^H^li±^^)). 

033033 

Here, arg is the principal argument which takes value in (— ^, |). 

Using the same argument as in |10| , we can see that the multiplication is 
well-defined and G is indeed a covering group of U(2, 1). To check that G is 
simply connected, we consider its action on the open unit ball in through 
the action of the first component which lies in U(2, 1). It is not hard to see 
that the action is transitive and the stabilizer of the origin is homeomorphic 
to SU(2) X R X R. This implies that homotopically, G is the same as SU(2) 
therefore it is simply connected. We will also identify the Lie algebra of G 
with u(2, 1)— the Lie algebra of U(2, 1). 

The elements of U(2, 1) can be divided into 3 types according to their 
action on the complex hyperbolic space H^{see [5]). Namely, a matrix is 
called elliptic if it has a fixed point in H^. We call it parabolic if it has a 
unique fixed point in Hq and this lies on dH^ . And finally, a matrix is called 
loxodromic if it has exactly two fixed points in which lie on dH^. We 
also classify element of the universal covering group G as elliptic, parabolic 
or loxodromic if its image under the projection map G U(2, 1) is of the 
corresponding types. 

Let M be a smooth, compact, oriented 3-manifold. A contact structure 
on M is a oriented 2-plane field V = ker a, where a is an 1-form such 
that a A da is nowhere zero. A strictly pseudoconvex CR structure on M 
is a contact structure V together with a complex structure J on V. Let 
y (g) C = V (B V, where v,v are the i and —i eigenspaces of J respectively, 
then V is called the holomorphic tangent bundle. 

A CR structure which is locally isomorphic to the standard CR structure 
on the unit sphere C C^, is called a spherical CR structure. A spherical 
CR structure is determined by a pair {D,p), where D : M ^ is a local 
isomorphism and p : tti(M) — PU(2, 1) is the holonomy representation such 
that Z? o 7 = ^(7) o D, for all 7 G 7ri(M). See [8] for more details about 
spherical CR structures. 

We now briefly recalled the definition of the Burns-Epstein invariant. 
The reader is referred to [3] for more details. Let (M,V,J) be a CR 3- 
manifold with trivial holomorphic tangent bundle and vry : y — > M be its 
CR structure bundle. Denoted by vr the Cartan connection form, that is 
a 5u(2, l)-valued 1-form on Y. Let n = (ivr -|- tt A tt be its curvature form. 
Consider a 3-form: 

TC2M := -X^Trin A H + -vr A vr A vr). 
8vr^ 3 
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The main theorem of Burns-Epstein [3] says that : there exists a 3-form 
TC2(vr) on M, which is defined up to an exact form, such that vTy (TC2('7r)) = 
TC2(7r). Moreover, the integral JjyjTC2{TT) is a biholomorphic invariant of 
the CR structure on M. For a given CR 3-manifold (M, V, J) , this integral 
is simply denoted by fi{M) and called the Burns-Epstein invariant of M. 

Since the Burns-Epstein invariant is only defined when the holomorphic 
tangent bundle is trivial, for simplicity we will restrict ourself to the case 
of homology spheres so that this condition is automatically fulfilled. With 
some modifications, the reader may extend our results here to the relative 
version of the Burns-Epstein on a general 3-manifold as defined in [6]. 

3. Relation to the Chern-Simons invariant 

Next, we will recall the definition of the Chern-Simons invariant of a flat 
connection associated to a representation. The reader is referred to for 
general facts about the Chern-Simons invariant. For technical reason, we 
will work with the universal covering group G. 

Let p : TTi (M) — > G be a representation of the fundamental group of M. 
Consider the flat G bundle associated to p : Ep := M x p G. Let A be the 
connection form of the fiat connection on Ep, then the Chern-Simons form 
of A is defined by : 

CS{A) := -^Tr{A A dA + '^A A A A A). 
Svr^ 3 

As we have shown that homotopically G is the same as SU(2), standard 
obstruction theory implies that Ep is a trivial bundle. The Chern-Simons 
invariant of p is defined by: 

cs{p) := [ s*{CS{A)) mod Z, 

where s is a section of Ep. It is not hard to see that the Chern-Simons 
invariant is well-defined, since the difference between two sections is, ho- 
mologically, some multiples of the fiber and the Chern-Simons form when 
restricted to the fiber is the generator of H'^{G; Z) = Z. 

We can also defined the Chern-Simons invariant for a representation p 
into the group U(2, 1), SU(2, 1) or PU(2, 1) in the same manner as long as 
the associated bundle Ep is trivial. However we will get nothing new, since 
in this case we can lift p to a representation p into G and cs{p) = cs{p). 
To show this equality, note that the connection form A is induced from the 
pullback of the Maure-Cartan form by the projection map M X G ^ G and 
moreover the Maure-Cartan forms preserve under pullback of the covering 
maps of Lie groups. 

The next observation shows that in the case of a spherical CR structure 
the Burns-Epstein invariant, modulo an integer, is minus the Chern-Simons 
invariant of the holonomy representation. So in this case the Burns-Epstein 
invariant, modulo an integer, only depends on the holonomy representation. 
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Proposition 3.1. Let [M,V,J) he a spherical CR homology sphere whose 
holonomy representation is p : tti{M) — > PU(2, 1) then 

Ijl{M) = -cs{p) mod Z. 

Proof. Let D : M — > be the developing map for the CR structure on M. 
Denoted by Y^-^ and Igs the CR structure bundles on M and respectively. 
Consider the commutative diagram below 

D 

M S'^ 

Let A be the Cartan connection form on Ygs, then 'D*(A) is the Cartan 
connection form on Yj^j. As M is a homology sphere, the CR structure bundle 
of M is trivial, that is, there exist an equivariant section s : M — > Yj^j. 
Then the equivariant 3-form s* {TC2{'D* (A))) on M will induce a 3- form on 
M which we denote by the same notation. By using the vanishing of the 
curvature, we see that 

s*iTC2iV*{A))) = s*{-CS{V*{A))) = -CSiiVosYiA)). 

On the other hand, the CR structure bundle on the standard sphere 
can be identified with the Lie group SU(2, 1) (see p,lj) and the Cartan 
connection A is the Maure-Cartan form on SU(2, 1). Under this identifica- 
tion, the equivariant map Dos can be consider as a section of the bundle 
Ep = M XpSU(2, 1). It now follows from the definition of the Burns-Epstein 
invariant that: 

/i(M) = / s*{TC2iV*{A))) = [ -CS{{Vos)*{A)) = -cs{p) mod Z. 
Jm Jm 

□ 

According to |TT], over the standard 3-sphere the form TC2{A) coincides 
with —-^dVol, where dVol is the volume form on the unit 3-sphere. So it 
follows from the proof above that: 

p{M)= [ {Vosr{TC2{A))= [ (VosriTTssn-^dVol) 
Jm Jm 

If K : M ^ S'^ is an equivariant map, considered as a section of the associated 
bundle M Xp S^, then /i(M) = — j^^ K*{-^dVol) mod Z. The reason is 
that two sections D and k are homologically differed by some multiples of 
the fiber and the integral of the form -^dVol over the unit 3-sphere is 
1. We get the following corollary: 
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Corollary 3.2. Let M he a spherical CR homology sphere whose holonomy 
representation p : 7ri(M) — > PU(2, 1) is reducible then fJ-{M) = mod Z. 

Proof. As the holonomy representation p is reducible, we can find a common 
fixed point * S for all elements in its image. So we can take the constant 
map as a section of the associated bundle M Xp and the corollary follows. 

□ 

4. Normal forms of flat connections near the boundary torus 

On a manifold with boundary, the integral of the Chern-Simons form may 
depend on the way we choose the section s. In order to define the Chern- 
Simons invariant on the manifold with boundary we will firstly define explicit 
normal forms of flat connections near the boundary. We then show that 
every flat connection can be gauge transformed into a normal form. This 
will be done by finding explicit form, near the boundary, of the developing 
map associated to the flat connection. 

Let X be a 3-manifold whose boundary dX is a torus T. We fixed a pair 
of meridian and longitude p, A on T. Choose a coordinate (e^'^"', e'^'^*^) on T 
such that the corresponding map: 

r2 — > T 

{x,y) ^ (e2^»,e2-^) 

sends the horizontal line to p and the vertical line A. Suppose that T x [0, 1] is 
the collar neighborhood of T in X and {dx, dy, dr} is an oriented basis of 1- 
forms on X near T. Here r is the coordinate on [0, 1] such that T x {1} = dX 
and we orient T by the "outward normal last" convention. 

Let ^ be a fiat connection form on a principal G-bundle over X with 
holonomy p. As the bundle is trivial, from now on we will consider A as an 
u(2, l)-valued 1-form on X. Recall that the developing map of vl is a map 
Da ■ X — > G such that -D^(a o x) = p{a) o Da{x) for all a G T^iiX) and 

xex. 

We will follow the scheme in [TS] and define the normal form for a flat G 
connection on X by dividing into several cases according to the type of the 
boundary holonomies. 

(I) Elliptic: suppose that the boundary holonomies p{p) and p{X) are elliptic, 
then by conjugation we may assume that: 

p{p) = (^,27r(ai+a2 + a3),27ra3) and /9(A) = (5, 27r(/3i +/32+/?3), 27r/33). 
Where 

A = i e^'^^"^ , B = i e^'^*^^ q and 
\ e2™3y \ e^'^^^V 

and Pi are real numbers. 

We can see that near the boundary the developing map is given by: D : 
X [0, 1] — > G such that D{x, y, r) = (M, 27r(Qix + Q2X + a^x + Piy + 
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P2y + Psy), 27r(a3X + P^y)) where 

M = { ^2TTi{a2X+(32y) 



It follows that near dX = T, we can gauge transform the flat connection A 
to the form: 

/27ri{aidx + Pidy) 

D^'^dD = 2m{a2dx + I32dy) 

\ 2Tri{a3dx + Psdy) ^ 

(II) Loxodromy: It follows from [5j Lemma 3.2.2 that in this case the bound- 
ary holonomy can be conjugated to the form p{ij,) = {A, 2tt9i + ^1162, 21162) 
and p{X) = {B,2ttti + 47rT2, 27rT2). Where 

,27ri0i Q Q 

A=\ e^'"^^'^ coshu e^'^^^^ smhu 
e^'^^^^sinhu e^'"^^^ coshu) 

/e^'^^^i 

B=\ e^'^^^^coshu e^'^^^smh.v 
\ e^'^*'^2 ginh e^'^*'^2 cosh 

and 9i,Ti,u,v are real numbers. The developing map near the boundary is 
given by 

D{x, y, r) = (M, 27r(6'ix + ny) + i7r{e2X + ray), 27r(^2a:: + T2y)) 

with 

(g27rj(eiZ+Tij/) Q Q 

(^2ni{e2x+T2y) cosh{ux + vy) e^'^^^^^ai+ray) sinh(na; + vy) 

^2niie2x+T2y) smh{ux + wy) g^'^^^^^^+^^j/) cosh(ux + uy); 

So near the boundary the connection has the form 

f2m{eidx + Tidy) 

D~^dD = 2Tri{92dx + T2dy) udx + vdy 

\ udx + udy 27ri{62dx + T2dy)^ 

(III) Parabolic: According to [S] Theorem 3.4.1 a parabolic element y € 
U(2, 1) has a unique decomposition g = pe = ep, where p is unipotent and e 
is elliptic. Furthermore, the classification of parabolic elements of U(2, 1) can 
be divided into two cases corresponding to whether the minimal polynomial 
of the unipotent part p is {x — 1)^ or (x — 1)^. 

If the minimal polynomial of p is (x — 1)^ then it can be conjugate to the 
fl-s a s \ 

form: I —a 1 a I e^'^*" , where $R(s) = Note that by further 
y — s a 1 + sj 

conjugation by an appropriate diagonal matrix, we may assume that a is 
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real. If g has the unipotent part p with the minimal polynomial (x — 1)^ 
then it can be conjugate to the form: 



(1 - ip) 


,27ri6'i 



ipe 







-ipe""""^ 

Therefore, in the following we will divide into two cases. 
Case 1: By conjugation, we may assume that, 

P 



p{ji) = Gvra, arctan( 



1 + 0,2/2 



+ 27ra), 



where A 



\ -ip a ^ + ip 
—a 1 a 

- - ip a 1 + ^ + ipj 



As p(A) is of the same type and commutes with p{fi), it is not hard to check 
that p{X) must have the form 



p{X) = (S, 67r/3, arctan( 



1 + 62/2 



+ 27r^), 



where ^ = —h 1 h 
\ -^-iq b 1 + 

Note that a,b,p,q,a, (3 arc real numbers. 

We then can choose the developing map to be 



„27ri/3 



D{x, y, r) = (M, Qi^^ax + arctan( 



px + qy 



l + {ax + byf/2 



+ 2TT{ax + (3y)), 



where 



i{px + qy) i{px + qy) 



M = 



-{ax + by) 



{ax + by) 



{ax + by) 1 + 



(ax+by)^ 



^2ni(ax+f3y} 



V -i{px + qy) i{px + qy) / 

With straightforward computations, we deduce that the connection form 
D~^dD near the boundary is 

[ —i{pdx + qdy) {adx + bdy) i{pdx + qdy) \ 
27ri{adx + Pdy) 

— {adx + bdy) 2'!ri{adx + ^dy) {adx + bdy) 

—i{pdx + qdy) {adx + bdy) i{pdx + qdy)+ 
^ 2'!ri{adx + fidy) j 
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Case 2: After conjugation, we may assume that 

p[lj) = [A, AtiOi + 27:92,21^61 + arctan(p)) 

and p(A) = [B^A-kti + 27rr2,27rri + arctan(g)). 



Where A = 



(1 - ip) 







ipe 



2mei 



e^'^'^^il + ip)^ 



ff,2nir^^l_^^ 



iqe 



B 







o27r?T2 



27riTi 





e2'^^^i(l + 

and 9i,Ti,p,q are real numbers. So the developing map is of the form 



D{x, y, r) = (M, ATT{0ix+Tiy)+2'n{62X+T2y),2-K{0ix+Tiy)+axct&n.{px+qy)), 
where 

/ ^2m{eixJrTiy) _ Q i{j)x + qy)e^'^^^^^^^'^^y^\ 



M 



i{px + qy)e'^^i(o^'-'+^iy) 




g2m{02X+T2y) 




V 





g27ri(eix+Tii/)_|_ 



After some lengthy computations, we find the connection form D ^dD to 
be: 



f 2m{9\dx + Tidy)- 
i{pdx + qdy) 







2m{e2dx + T2dy) 

-i{pdx + qdy) 



v 



i{pdx + qdy) \ 





2ni{9idx + ri(i?/)+ 
i{pdx + gdy) y 



Definition 4.1. We say that a flat G connection 1-form on a manifold with 
torus boundary X is in normal form if, near the boundary, it has one of the 
forms as in the cases (I), (II) and (III) above. 

Note that one connection may have different normal forms as we can add 
integers to the exponential parameters in the holonomy matrices. 

For the computation of the Burns-Epstein invariant, we need to bring 
connections to the normal forms. The following proposition shows that we 
can always do so. 
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Proposition 4.2. a) Let A be a flat G connection 1-form on X. Then there 
exists a gauge transformation which brings A into a normal form, b) Let 
At be a path of flat G connection 1- forms on X. Then there exists a path of 
gauge transformations gt such that gt ■ At is in normal form for all t. 

Proof. We have shown above that locahy near the torus boundary, we can 
always gauge transform the flat connection into a normal form. By using 
standard obstruction theory argument as in [16] Proposition 2.3 we can 
extend the gauge transformation to all of X and prove the proposition. □ 

The next lemma tells us that the integral of the Chern-Simons form of a 
normal form flat connection on a manifold with boundary is gauge invariant. 

Lemma 4.3. Let A and B be two normal form flat connections on a man- 
ifold with torus boundary X. Suppose that: 

1. A and B are gauge equivalent. 

2. A and B are in normal form and equal near the boundary. 



Then GS{A) = GS{B) mod Z. 
Proof. The proof is similar to the one of [16j Theorem 2.4. So we will left it 



So we may define the Chern-Simons invariant of a normal form flat con- 
nection A by: 



In this section, we will prove the main technical tool for computing the 
Chern-Simons invariant which is the formula for the change of the Chern- 
Simons invariants of a path of normal form flat connections in terms of the 
boundary holonomy. 

Theorem 5.1. Let At be a path of normal form flat G-connections on a 
manifold with torus boundary X. Suppose that pt : tti (X) — > G is the cor- 
responding path of holonomy representations. Consider the following cases: 
(I) Elliptic: suppose that ptip) and pt{^) are elliptic elements and the normal 
form of At near the boundary is: 



to the reader as an exercise. 



□ 




mod Z. 



5. Variations of the Chern-Simons invariants 






2-Ki{a2{t)dx + I52{t)dy) 





then 



cs{Ai) 




cs 
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(II) Loxodromy: if pt{ij) and pt{X) are loxodromy elements and the normal 
form of At near the boundary is: 

'2m{ei{t)dx + Ti{t)dy) 

2m{e2 {t)dx + T2 {t)dy) u{t)dx + v(t)dy 

u{t)dx + v{t)dy 27ri{e2{t)dx + T2{t)dy) ^ 

then 

{Ai)-cs{Ao) = ^J {0ifi-9iTi)dt+ {e2T2-02T2)dt+^ J {uv-uv)dt. 

(III) Parabolic: 

Case 1: pt{p) and pt{^) are parabolic elements whose unipotent parts have 
minimal polynomial {x — 1)^. Suppose that the normal form of At near the 
boundary is: 

(-i{p{t)dx + q{t)dy)+ a{t)dx + b{t)dy i{p{t)dx + q{t)dy) \ 

2-Ki{a{t)dx + I3{t)dy) 

-{a{t)dx + b{t)dy) 2m{a{t)dx + I5{t)dy) a{t)dx + b{t)dy 

-i{p{t)dx + q{t)dy) a{t)dx + b{t)dy i{p{t)dx + q(t)dy)+ 
\ 2TTi{a{t)dx + P{t)dy) J 

then 

3 

cs{Ai) - cs{Aq) = - (a/3 - al3)dt. 
2 Jo 

Case 2: pt{p) and pt{X) are parabolic elements whose unipotent parts have 
minimal polynomial {x — 1)^. Suppose that the normal form of At near the 
boundary is: 

(2Tii{6i{t)dx + Ti{t)dy)- i{p{t)dx + q{t)dy) \ 

i(p(t)dx + q{t)dy) 

2'Kie2{t)dx+ 

2'KiT2{t)dy 

-i{p{t)dx + q{t)dy) 2m{ei {t)dx + n {t)dy)^ 

i(jp(t)dx + q{t)dy) j 

then 

Cs(Ai) - CS(^O) = [ {Oin - eiTi)dt + \ f (d2f2 - 92T2)dt. 
Jo ^ JO 

Proof. Consider the path At as a connection on X x [0, 1], then it is a flat 
connection, that is F^* A F^* = 0. by Stokes' Theorem 

I CS{Ai)- I CS{Ao)- I CS{At)= [ ir(F^* AF^*) = 0. 

Jx Jx JdXx[0,l] Jxx[0,l] 
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So 

/"I 2 

cs{Ai) - cs{Ao) = / ^ir{At A dA* + -At A At A At). 

JdXx[0,l] "3 

We now use this formula and the normal form of the connections to compute 
the changes of Chern-Simons invariants in each cases. 

(I) Elliptic: in this case tr{At A dAt + \At A At A At) = 47r2[(ai/?i - di(5i) + 

(a2/32 — (^2(32) + (as/^s — d^(3'i)\dx Ady A dt. So the result follows. 

(II) Loxodromy: after some computation, we get 

tr{At A dAt + lAt A At A At) = Air'^iOiTi - eiTi)dx Ady A dt+ 
87r^(02'r2 - 02T2)dx A dy A dt + 2{uv - uv)dx Ady A dt. 
We deduce the required formula. 

(III) Parabohc: 

Case 1: straightforward computations show that 
2 

tr{At A dAt + -At A At A At) = 127r^(a/3 - d/5)dx A A dt. 

So the change in the Chern-Simons invariants is given by the formula. 
Case 2: in this case, we get: 

tr{At A dAt + ^At A At A At) = 87r2(6iifi - eiTi)dx Ady A dt+ 

47r^(6'2f2 - 02T2)dx Ady A dt. 

So the formula follows. □ 

In the last past of this section, we will study the difference between the 
Chern-Simons invariants of two different normal form connections in the 
elliptic case. This result will be used in the computation of the next section. 
Our result is similar to Theorem 2.5 in [16j. 

Consider a manifold with toral boundary X. Let A be a normal form flat 
G-connection which has the following form near the boundary dX: 

2m{aidx + (3idy) \ 

2m{a2dx + P2dy) 

2'Ki{a^dx + (3^dy) j 

Let /i : ^ G defined by /i(e2^*^) = {diag{e'^^^\ e-^^^\ 1),0,0). Since h 
is a nullhomotopic map into G we may find a path ht, < t < 1 such that: 

- ht is constant near and 1 

- /lo = 1 £ G and hi = h. 

Next we use the map ht above to defined two gauge transformations 
on X as follows. Recall that we denote by T x [0, 1] with the coordinate 
(e^'^*^, e^'^'^, r) a collar neighbourhood of dX in X such that T x {1} = dX. 
We define 5^ : T x [0, 1] ^ G and 5^ : T x [0, 1] ^ G by ^^(e^^*^, e^^^?', r) = 
/i,.(e2™) and 5j,(e2'^*^, e^'^*^, r) = hr{e^'^'y). Note that we can extend g^, and 
5y to be 1 G G outside the collar neighbourhood. 

It is not hard to check that ■ A and gy ■ A are also in normal form since 
near dX we have: 
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9x-A 



9y ■ A 



/27ri(ai + l)dx+ 
2-1:1 f3idy 





V 

2m{(5i + l)dy 




27ri(a2 — l)dx+ 
27riP2dy 





2'Ki[a^dx + Psdy) J 
\ 



V 







2Tria2dx+ 
27ri(/32 - l)dy 





We now state the following theorem: 



2m{a^dx + (S^dy) j 



Theorem 5.2. Suppose that A and B are two gauge equivalent normal form 
flat G connections on X such that 

^2Tii{aidx + (3idy) 



A 






/ 27rz(ai + m)dx+ 
27ri(/3i + n)dy 



B 



2-iTi{a2dx + P2dy) 

27ri(a3(ix + Psdy) 

\ 



27ri(a2 — m)dx+ 
2vri(/32 - n)dy 



and 



\ 







2iri{asdx + P^dy) J 

near the boundary dX, for some integers m and n, then: 

cs{B) - cs{A) = m(/3i - /?2)/2 - n(ai - a2)/2 mod Z. 



Proof. By Lemma 4.3, if (7 is a gauge transformation such that g-A = B near 
dX then cs((7 • A) = cs{B) mod Z. Therefore, it is enough to prove that 
cs{gx-A)-cs{A) = {Pi-P2)/2 mod Z and cs{gy ■ A) - cs{A) = (a2-ai)/2 
mod Z. 

By Proposition 1.27(e) of [9] the difference between two Chern-Simons 
forms CS{gx ■ A) — CS{A) equals to 

^d{Tr{g-^Agx A g^^dg^)) - ^^Tr{g^^dga, A g'^dg:, A g'^dg^). 

It follows from the definition of gx that = 0, so the last term in this 
formula vanishes. By direct computation we deduce that: 

cs{gx ■ A) - cs{A) = ^Jj, Tr{g-^Agx A g^^dg^) = \ frp{(3i - (32)dxdy 
^(/3i-/32)/2. 

By using a similar argument, we can show that the formula for gy also 
holds. Thus the Theorem follows. □ 
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6. Applications 

In this section, we will apply our main theorem to find the Chern-Simons 
invariants of representations of the Seifert fibered homology sphere. We 
also give an explicit example, where we use the Chern-Simons invariant to 
deduce result about the Burns-Epstein invariant. 

Let S = S(ai, . . . , a„) be a Seifert fibered homology sphere, where Oj > 1 
are pairwise relatively prime integers. We put a := ai • • • o„. Wc will denote 
by 7?.*(S) the space of irreducible representations from 7ri(S) to G. 

The fundamental group of S is given by : 

7ri(S) = {xi, . . . , Xn, h \h is central, x^^h''^ = ■ ■ ■ = x'^"h''" = xi . . . = 1} 

where the 6j are chosen with ^ ~ a' 

Let p be an element of Tl*{T,). Since h is in the center of 7ri(S), p(h) is in 
the center of G. As x^'/i*** = 1, p{xi) is an elliptic element for all i. Suppose 
that the representation p is given by 

p{h) = (dm5(e2^^f°, e^'^^^o, e2^^^°), 27r(po + Qo + ro), 27rro) and 
p{xi) ~ {diagie^'^'P' , ^-^^n ^e^-^^n^^ 2TT{pi + qi + n), li^n). 
Here we use ~ to denote the conjugacy relation in G. 

As piK) is central, we have = <?o = ''o mod Z. Since p must preserve 
the relation x^'/i*** = 1, z = 1 . . . n, we deduce that : 

(1) aiPi -I- 6iPo = Si, {ttiqi -|- fej^'o) = -Si are integers and 

(2) aiVi -\- biro = 0. 

Theorem 6.1. The Chern-Simons invariant of p is 

n n n 

i=l 1=1 1=1 

Proof. We write S = X U (— 5), where X is the complement of the nP^- 
exceptional fiber and S is the solid torus neighborhood of the n*''-exccptional 
fiber. We then find paths of representations on X and S which connect p 
to the trivial representation and apply formula in Theorem 5.1 to compute 
the Chern-Simons invariants on each X and S. 
Step 1. Computation on X. 

Note that 'Ki{X) is obtained from 7ri(i;) by eliminating the relation 
and X has a natural meridian and longitude p, = x^^/i**" and A = x^"^ ' ""~^/i'^ 
where c = ai . . . a„_i Xli""^ ^• 

After conjugation, we may assume that 

p{xn) = (d^a5(e2-^^e2-«^e2-'■"),27^(p„ + g„ + r„),27^rO. 

Since each conjugacy class in G is connected, we can deform p\x{xi) within 
its conjugacy class to the diagonal form for i = 1, . . . , n — 1. This means that 
we can find a path of representations 

:7ri(X) ^G,0<i<l, 
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such that po = p\xi Pt{h) = p{h) for all t and 

pi{xi) = (diagie^^'P^ , e^-*, e^--'), 27r(p, + + n), 27Tn),i = 1, . . . , n - 1. 
For this path of representation we have: 

ptixn) = {diagie^-'P^'^ , e^-^^ , e^-'-W), 27r(p(i) + qit) + r(i)), 27rr(t)), 
where p{0) = pn, g(0) = qn, r(0) = r„ and 

pi^) = - Er ' Pu = - El Qi, r(i) = - Er' 

Therefore, we get: 

ptifi) = {M{t),2Tran{p{t)+q{t)+r{t))+27rbn{po+qo+ro),27ranr{t)+27rbnro), 
where M{t) = (;ia^(e2^^(«"PW+^"P»), e2^^(""«W+^"*'\ e2^^(""^W+''»''«)), and 
Pt{X) = {N{t), -27rai ■ • • an-iip{t) + + r{t)) + 27rc(po + ?o + tq), 
—2'Kai ■ ■ ■ a„_ir(f) + 27rcro), where 

jY(i) = ^^Q(^(^g27ri(-ai---a„_ip(t)+cp()) g27ri(-ai ■■■a,i_ig(t)+C(jo) g27rj(-ai---a„_ir(t)+cro) j 

So by Proposition 4.2 we get a path of normal form u(2, 1)— valued flat 
connections on X which is given near dX by : 

At = diag{2TTi{{anpit)+bnPo)dx+{-ai ■ ■ ■ an-ip{t)+cpQ)dy), 2TTi{{auq{t)+bnqo)dx+ 

(-ai • • • an-iqit)+cqo)dy),2Tri{{anr{t)+bnro)dx+{-ai ■ ■ ■ an-ir{t)+cro)dy)). 

We now use Theorem 5.1 to compute the difference of Chern-Simons invari- 
ants: 

cs{Ai) - cs{Aq) = -i /q {anC + ai ■ ■ ■ an^ibn){pop{t) + qoq{t)) + rof{t))dt 
= -^(a„c + ai • • • an-ibn){poPit) + qoqit) + ror(t))|J. 

So we arrive at: 

^ n n n 

(*) cs{Ao) = cs{Ai) - -{po^Pi + qo^Qi + ro^n). 

1=1 i=l i=l 

Now, by using relations (1) and (2), we can write 

Ai = diag{27ri{-an J21=i Pi+bnPo)dx+2TTi{ai ■ ■ ■ a^-i Y!i=i ^)dy, 2TTi{-an Yli=i Qi 
+bnqo)dx - 27ri(ai • • • a„_i Er=ri"^ fl)^^' 2vri(a„ YJiZl + bnro)dx). 
Since ai • • • On-i Yl7=i ~ integer, by using Theorem 5.2, wc find that: 
(**) cs{Ai) = csiA[) - l(ai • • • Er=i' f7)(-an Er=i' P^ + bnPo+ 

CI'nY17=l1i ~ Mo)- 

Where A[ = diag{2m{-an Yli=i Pi + KPo)dx, 2m{-an YhI^ qi + bnqo)dx, 
27ri(— On Er=i^ '''i + bnro)dx), near the boundary dX. 
As the holonomy representation p'^ of the A'^ is abelian, it factors through 
TTiiX) Hi{X) = Z. We find that p[{X) = 1 G G and 

p'^ (^) = [diag{e^'^^^~"'" T,i=i Pi+bnPo) ^ g27ri(-o„ J2i=i H+bngo) ^ ^2m{-a„ Y,7=i ri+Kro) ^ ^ 

-2-!ran Yli=l{Pi + qi + n) + 27r6„(po + qo + ro), -2'Kan YaZI n + 6„ro). 
So we can deform p'^ to the trivial representation and get a path of con- 
nections ylj linking A'^ to the trivial connection which obviously has zero 
Chern-Simons invariant. Applying Theorem 5.1 to the path: 
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A'^ = diag{2t-Ki{-an Yli=i Pi + KPo)dx, 2tm{-an Qi + Kqo)dx, 

2t7Ti{-an Y:7=1 ri + bnro)dx), < i < 1, 
we conclude that cs{A[) = 0. Now combine this with (*) and (**), we 

5 (^^0 EiLi Pi + Qo Th=i H + Ta=i ri)- 
Where is the flat connection form corresponding the representation 

p\x- Now using (1) we can rewrite this as: 

Upo Eili Pi + Qo EiLi Qi + ^0 Eili ri)- 
Step 2. Computation on the solid torus 

We will denote the connection form corresponding to p\s hy Bq. Near the 
boundary dX then Bq coincides with and given by: 
Bo = diag{2Tri{{anPn + bnPo)dx + (— ai ■ ■ ■ an-iPn + cpo)dy)), 27ri((a„gn+ 
bnqo)dx + (-ai • • • a„_ig„ + cqo)dy)), 27ri(-ai • • • a„_ir„ + cro)dy). 

By (1), the numbers anPn + bnPo = Sn and anQn + bnlo = are integers. 
So apply Theorem 5.2 we find that 

cs{Bq) = cs(Si) + 5S„(-ai ■ ■ ■ an-iPn + cpo + ai • • • a„_ign - ego), 

where 

5i = diag{2'Ki{-ai - - - an-iPn + cpo)dy, 2m{-ai - - - a„_ig„+ 

cqo)dy, 27rz(— ai • • • a„_ir„ + cro)(iy) near the boundary dX. 

Note that Bi is a connection form corresponding to an abelian representa- 
tion and it involves only the dy terms. Carrying out a similar computation 
as we did for the connection A[ in the previous step, we conclude that 
cs{Bi) = 0. Therefore we can write 

-1 , n-1 



cs{Bo) = -a—[-pn+Po^ — + qn-qoX^—)- 

1=1 l=L 

Moreover, from (1), we deduce that 



n— 1 , 


n-1 

1=1 


n-1 

-Y^pi 

i=l 


n— 1 , 

bi 

«0 > — = 

^ a-i 
1=1 


n-1 

1=1 


n-1 
i=l 



^ ,v ,„ n—1 

1 S n , V ^ V \ _ X ^ Si 



and that 



So we arrive at: 

(****) cs(5o) = + + 2^ — 

^ i=i i=i i=i 

Now as E = X U ( — 5*), we see that cs{p) = cs{Aq) — cs{Bq). Note that the 
term a— Y17=i ~ appearing in (***) and (****) is an integer and therefore 
can be ignored. What we find is 

cs{p) ^ HU=iPiU=i f - EILi^.EILi f) 
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-UpO EILl Pi + 90 Er=l Qi + '^O Er=l ^i)- 
It follows from (1) and (2) that: 

U=i t = EILiP. + f = - EILi - f and ro = -aT^^, n. 
So, finally, we arrive at the needed formula 

n n n 

cs{p) ^ ^a{{Y,P^r + E'?^)' + (E^*)')- 

1=1 i=l i=l 



□ 



We can use the above theorem to find all the possible values of the Chern- 
Simons invariants of representations if we know the representation space 
7^*(S). In the general case, this space is still hard to describe in details. 
Fortunately, for the case of Seifert fibered homology sphere with three sin- 
gular fibers, the representation space has been studied in [14j and so we are 
able to find all the the possible values of the Chern-Simons invariants. 

As an illustration, we present an example of the homology sphere S(2, 3, 11). 
Its fundamental group has the following presentation. 

7ri(E(2, 3, 11)) — {xi, X2,X3, h\ h central, xfh'^^ — x^h — x]^h? — X1X2X3 — 1). 

By the computation in [T3], we know that S(2,3, 11) has five distinct irre- 
ducible representations into PU(2, 1). By homological reason, each PU(2, 1) 
representation has a unique lift to a representation into the universal cov- 
ering group G. By further computations, we obtain the following list of 
representations into G. 

1) p(xi) ~ {diag{l, -1,-1), 0,-7T),p{x2) ~ ((im5(l,e4-*/3,e2-/3)^o,f ), 
p(x3) ~ (dm<7(ei2Wii,e6-/ii,e4Wii),o,ff), p{h) ~ (1,0, -27r). 

2) p(xi) ~ (diagil, -1,-1), 0,7r),p{x2) ~ {diagie^^'/^ ,l,e^^'/^),0,-^)), 
p{x3) ~ ((im5(e-i2Wii,e-6W",e-4^^/ii),0,-ff), p{h) ~ (/,0,27r). 

3) p(xi) - {diag{-l,-l,l),0,2Tr),p{x2) ~ {diag{l, e^^'/^ e''^'/^),0, -f)), 
p{x3) ~ ((im5(e-4^^/",e-io^^/",e-8Wii),o,-ff), p{h) ~ (/,0,47r). 

4) p(xi) - (dmg(-l,-l,l),0,-27r),p(x2) ~ (dmg(e2-/3, 1^ gWS), q, f )), 
p{x3) ~ (dm5(e4^*/ii,eio^^/",e8Wii),0, ff), p{h) ~ (1,0, -47r). 

5) p{xi) ~ {diag{-l,-l,l),0,0),p{x2) ~ {diag{e^^'/^e^^'/^l),0,0), 
p{x3) - (dm5(e-2-/ii,e2-/ii,i),o,0), p{h) ~ (1,0,0). 

Using Theorem 16. H we can find the values of the Chern-Simons invariants 
of S(2, 3, 11) as below. 

Case 1 2 3 4 5 

cs{p) modZ 1| i| X 25 

Therefore, we can deduce that: the Burn-Epstein invariant ( mod Z) of 
any spherical CR structure on S(2,3, 11) with irreducible holonomy repre- 
sentation is one of the values above. 

Remark. - Little is known about the problem of classification of spheri- 
cal CR structures on 3-manifolds. On Seifert fibered manifolds, the only 
work done so far is the classification of the S^-invariant CR structure by 
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Kamishima and Tsuboi [12]. We do not know any example of spherical CR 
structure whose holonomy is the representations given in five cases above. 

- Recently, Biquard and Herzlich [l] introduce an invariant v for strictly 
pseudoconvex 3-dimensional CR manifold M and show that their invari- 
ant agrees with three times the Burn-Epstein invariant up to a constant. 
Furthermore, by relating the v invariant to a kind of eta invariant, Biquard, 
Herzlich and Rumin [2] are able to give an explicit formula for the v invariant 
of the transverse S^-invariant CR structure on a Seifert fibered manifold. It 
would be interesting to work out the relation between the v invariant, mod- 
ulo an integer, and the metric Chern-Simons invariant. 
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